We study the behaviour of the solutions of the stationary diffusion equation as a function of a possibly rough (L -) diffusivity. This includes the boundary behaviour of the solution maps, associating to each diffusivity the solution corresponding to some fixed source function, when the diffusivity approaches infinite values in parts of the medium. In n-dimensions, n 1, by assuming a weak notion of convergence on the set of diffusivities, we prove the strong sequential continuity of the solution maps. In 1-dimension, we prove a stronger result, i.e., the unique extendability of the map of solution operators, associating to each diffusivity the corresponding solution operator, to a sequentially continuous map in the operator norm on a set containing 'diffusivities' assuming infinite values in parts of the medium. In this case, we also give explicit estimates on the convergence behaviour of the map.
Motivation
Numerical methods for the diffusion equation with rough coefficients have been studied extensively [3, 4, 5, 12, 13, 14, 16] in the preconditioning (multigrid, domain decomposition, and related iterative methods) literature starting the early eighties and still continue to be an active area of research in various preconditioning efforts [20, 21] . This article came about out of a need of deeper understanding of the performance of preconditioners and their connection to the underlying PDE.
In a recent article [2] , the first author constructed a new preconditioning strategy with rigorous justification which is comparable to algebraic multigrid. It is shown in [2] that analytical tools such as singular perturbation analysis gives valuable insight about the asymptotic behavior of the solution of the underlying PDE, hence, provides feedback for preconditioner construction.
According to experience, the performance of a preconditioner depends essentially on the degree to which the preconditioner operator approximates the underlying operator. Then, the fundamental need is to explain the effectiveness of the preconditioner and to justify that rigorously. In that respect, one can view the tools in this article as steps towards adding tools to the arsenal of methods of analysis for rigorous justification at the interface of preconditioning and operator theory. Direct connections from the results here to preconditioning will be the subject for future research.
Introduction
The diffusion equation u t div Ô p grad uÕ f (2.0.1) describes general diffusion processes, including the propagation of heat, and flows through porous media. Here u is the density of the diffusing material, p is the diffusivity of the material, and the function f describes the distribution of 'sources' and 'sinks'. This paper focuses on stationary solutions of (2.0.1) satisfying ¡ div Ô p grad uÕ f . For instance, the fictitious domain method and composite materials are sources of rough coefficients; see the references in [14] . Important current applications deal with composite materials whose components have nearly constant diffusivity, but vary by several orders of magnitude. In composite material applications, it is quite common to idealize the diffusivity by a piecewise constant function and also to consider limits where the values of that function approach zero or infinity in parts of the material.
Results of such study were given first by J. L. Lions [15] . In his lecture notes, he considers the limit of the solution of (2.0.2) where the limit is associated to a one-parameter family of piecewise constant diffusivities approaching zero on a subdomain. The same piecewise constant one-parametric approach was used in [4, 13] , but with diffusivities approaching infinity on a subdomain. The limitation of the one-parametric approach is its dependence on the particular approximating sequence. To the knowledge of the authors, this paper is the first to address these questions in the necessary generality. Hence, we consider general families of diffusivities that are not necessarily piecewise constant. In addition, due to the atomistic structure of matter, the physical treatment of diffusion involves regular (C -) diffusivity. It is unclear to what extent the idealization of diffusivity by piecewise constant coefficients has the capability to capture the underlying physics. Mathematically, the severe contrast in diffusivity should be represented by a regular function whose size is changing drastically over small distances in interface regions. In this paper, we demonstrate that the assumption of piecewise constant diffusivities is meaningful by showing a continuous dependence of the solutions on the diffusivity.
Furthermore, the diffusion equation is meaningless if the 'diffusivity' is infinite or zero in regions of the material. Physics requires nowhere vanishing diffusivity in the interior of the material. As a consequence, only the relative size of diffusivities should be significant. Therefore, physically, one might expect that both types of the above limits are equivalent, but mathematically there are differences. The limit of the solution as diffusivity approaches infinite values exists. However, only the limit of the scaled solution exists as diffusivity approaches zero values (see Example 4.0.11 for both cases). That is why, we choose to work with diffusivity approaching infinity. We will refer these cases as 'asymptotic cases'.
Also, the treatment in [4, 13] considers only limits on specific parts of the material. In this connection, it should also be remarked that, although (2.0.1), (2.0.2) are linear equations, in general, their solutions depend non-linearly on the coefficients.
For the treatment of these questions, we use methods from operator theory. For this, we use a common approach to give (2.0.1) a well-defined meaning that, in a first step, represents the diffusion operator
as a densely-defined positive self-adjoint linear operator A p in a suitable Hilbert space. As a result, (2.0.2) is represented by the equation
where f is an element of the Hilbert space, and u is from the domain, DÔA p Õ, of
Specifically, we treat the class L of diffusivities p È L ÔΩÕ that are almost everywhere ε on Ω for some ε 0, where In this paper, we turn to a first-order formulation of (2.0.2) which is often referred as mixed formulation in the discretization literature [7] . The first-order formulation was popularized in the least squares finite element community by the so-called FOSLS pioneering paper [9] . Here, we provide the self-adjointness of the corresponding operatorÂ p in a Hilbert space. The key property ofÂ p is that its domain, DÔÂ p Õ, is independent of p. This property is exploited in establishing the continuity of the solutions A ¡1
p f as a function of p. Moreover,Â p remains defined for the asymptotic cases when (2.0.1), (2.0.2) are ill-defined. This fact is used in the study of the asymptotic cases.
Specifically, for p È L and by assuming a weak notion of convergence in L, we show that the maps that associate p to the operator A ¡1 p and ¡p ∇A ¡1 p , respectively, are strongly sequentially continuous, see Theorem 5.0.21 and Corollary 5.0.22. In particular, this shows in these cases that the approximation by discontinuous coefficients to physical diffusivity is indeed meaningful. In addition, for the case n 1 and bounded open intervals of R, we show stronger results that include also the asymptotic cases, except that where the asymptotic 'diffusivity' is almost everywhere infinite on the interval. In this case, the maps that associatē p to the operator A ¡1 
Basic notation
Mainly, this section introduces basic notation. In particular, an operator theoretic definition of Sobolev spaces is given that is based on weak derivative operators, instead of distributions. In such formulation, the completeness of the Sobolev spaces is an obvious consequence of the cussedness of these operators. Also, we give some basic results that are connected to this formulation. For the convenience to the reader, corresponding proofs are given in the appendix.
General Assumption 3.0.1. In the following, let n È N ¦ and Ω be a non-empty open subset of R n .
We follow common usage and do not differentiate between a function f which is almost everywhere defined (with respect to a chosen measure) on some set and the associated equivalence class consisting of all functions which are almost everywhere defined on that set and differ from f only on a set of measure zero. The following definitions need to be understood in this sense. 
.
In addition, for the special case p 2, we define a scalar product Ü Ý 2 on
Here ¦ denotes complex conjugation on C. As a consequence, Ü Ý 2 is antilinear in the first argument and linear in its second. This convention will be used for sesquilinear forms in general.
(ii) L C ÔΩÕ denotes the vector space of complex-valued measurable bounded functions on Ω. For every f È L C ÔΩÕ, we define
Üf gÝ 2,k :
. Definition 3.0.3. (Weak derivatives and Sobolev spaces) We define
where ¦ denotes the adjoint operation and
Equipped with the scalar product
We note that 
Then the following holds. 
Basic properties of the diffusion operator
This section provides the basis of the paper. It defines the diffusion operator as operator in L 2 C ÔΩÕ and gives basic properties.
Definition 4.0.7. Letp : Ω R be measurable and such that 1ßp is a.e. defined on Ω. We define the linear operator A :
Diffusion operators corresponding to diffusivities from the following large subset L of L ÔΩÕ will turn out to be densely-defined self-adjoint linear operators. Definition 4.0.8. We define the subset L of L ÔΩÕ to consist of those elementsp for which there are real C 1 , C 2 satisfying C 2 C 1 0 and such that C 1 p C 2 a.e. on Ω. Note that the last also implies that 1ßp È L and in particular that 1ßC 2 1ßp 1ßC 1 a.e. on Ω.
The next proves the self-adjointness of diffusion operators corresponding to diffusivities from L. For this, so called 'form methods' from operator theory are used. For these methods, see [11] .
For this, we define a positive Hermitian sesquilinear form s :
for all u È W 1 0,C ÔΩÕ. In particular, s is closable. For the proof, let u 1 , u 2 , . . . be a Cauchy sequence in ÔW 1 0,C ÔΩÕ, s Õ and such that
We note that
where
on Ω, and hence that s and the restriction of
Since ÔW 1 0,C ÔΩÕ, s Õ is in particular complete, it follows that s coincides with its closure. As a consequence, there is a unique densely-defined linear self-adjoint operator A :
Further, if u and f satisfy these requirements, then
Au f . For completeness, the next gives the proof that diffusion operators corresponding to diffusivities from L have a purely discrete spectrum, i.e., that their spectrum is a discrete subset of the real numbers consisting of eigenvalues of finite multiplicity and that there is a Hilbert basis consisting of eigenvectors. This result is not used in the following. The last is relatively compact in L 2 C ÔΩÕ. From this, it follows also that B is relatively compact in L 2 C ÔΩÕ. Hence it follows, see, e.g., [18] Vol. IV, that A has a purely discrete spectrum.
Example 4.0.11. The following example illustrates the influence of discontinuities of the diffusivity on the regularity of the elements in DÔAÕ. Consider the case that Ω I : Ô¡1, 1Õ and a piecewise constant diffusivity p : I R given by pÔxÕ :
for x È I, where M 0. Then Au f , where u : I R is defined by uÔxÕ :
and f is the constant function on I of value 1. We note that u ½ has no extension to a continuous function on I if M 1. In general, discontinuities in the diffusivity cause low regularity of elements in DÔAÕ. Also, see the concluding remarks.
There is a unique solution u f to the equation
C ÔΩÕ if and only if A is bijective or equivalently, if and only if 0 is not part of the spectrum of A. In general, A is not bijective. For instance, the operator A that is associated to Ω R n and the diffusivity pÔxÕ 1 for every
x È R n is not surjective. Below, we place a restriction on Ω that leads to bijective diffusion operators.
General Assumption 4.0.12. In the following, we assume that Ω is in addition such that the following Poincare inequality is valid For instance, every non-trivial open set, for which there is n È R n ÞØ0Ù along with real numbers a, b such that a x ¤ n b for all x È Ω, is of this type.
In particular, the following proves that diffusion operators corresponding to diffusivities from L are bijective. Proof. For this, let j È Ø1, . . . , nÙ be such that n j 0.
where C 0 is such thatp C a.e. on Ω. Hence it follows the validity of (4.0.7).
Properties of a first order operator connected to the diffusion operator
As indicated by Example 4.0.11, for non-smooth diffusivities p, the condition that Proof. The statement is a consequence of Lemma 3.0.6.
The following gives a characterization of the kernel ofÂ. In particular, the result implies thatÂ is bijective for diffusivities from L.
C ÔΩÕ that is associated top.
Proof. ' ': Let q È ker ∇ 0 ¦ ker T n p . Then Ô0, qÕ È DÔÂÕ and
Hence it follows that Ô0, qÕ È kerÂ.
and hence
The last implies that
C ÔΩÕ that is associated top 1ß2 , and hence also that q È ker T 
For this, let h be an element of C 0 ÔRÕ with support contained in Ö¡1, 1×. In addition, let α be a non-zero antisymmetric n ¢ n-matrix. We define q È C 0 ÔR n , R n Õ by qÔxÕ :
for all x Ôx 1 , . . . , x n Õ È R n . Then
for all x Ôx 1 , . . . , x n Õ È R n and hence q È ker ∇ 0 ¦ .
The following lemma prepares the subsequent theorem which estimates the size of the gap around 0 in the spectrum of A and gives a representation of the resolvent ofÂ in terms of the resolvent of A, i.e., (5.0.9). The main tool in the proof is the Closed Graph Theorem in the form of see Theorem 3.1.9 in [6] .
Lemma 5.0.19. Letp È L, σÔAÕ the spectrum of A, λ minØσÔAÕÙ and A λ :
Since λ È C Þ σÔAÕ, A λ is densely-defined, linear and bijective.
Further, A λ is self-adjoint and strictly positive. As a consequence of its selfadjointness, A λ is in particular closed. Further, according to Lemma 3.0.6, the restriction of ∇ w to W 1 0,C ÔΩÕ is a closed linear operator in L 2 C ÔΩÕ with values in ÔL 2 C ÔΩÕÕ n . Since DÔAÕ W 1 0,C ÔΩÕ it follows from the closed graph theorem, e.g., see Theorem 3.16 in [6] , the existence of C È Ö0, Õ such that
for all f È DÔAÕ. As a consequence, it follows for every f È L 2 C ÔΩÕ that
¦ is a densely-defined, linear operator in ÔL 2 C ÔΩÕÕ n with values in
for every q È DÔ∇ 0 ¦ Õ and hence that f È DÔÔA ¡1
As a consequence,
In particular, A ¡1
¦ is closable and
In a first step, we prove the statement for the case λ 0. For this, we note that, as a consequence of Theorem 4.0.14, 0 minØσÔAÕÙ. Further, we note that DÔAÕ is a core A 1ß2 . For instance, this follows by Theorem 3.1.9 in [6] . Hence DÔAÕ is dense in the Banach space ÔDÔA 1ß2 Õ, A 1ß2 Õ, where
for every f È DÔA 1ß2 Õ. Further, it follows for f È DÔAÕ that
where the real numbers C 1 , C 2 and the sesquilinear form s are as in the proof of Theorem 4.0.9, and hence that
As a consequence, the restrictions of A 1ß2 and 1 to DÔAÕ are equivalent.
Since DÔAÕ is dense in ÔDÔA 1ß2 Õ, A 1ß2 Õ, it follows for f È DÔA 1ß2 Õ the existence of a sequence 
and hence that
as well as that
Since DÔAÕ is dense in the Banach spaces ÔDÔA and A 1ß2 . By this, the statement (ii) follows from the corresponding statement of (ii) for the special case that λ 0. '(iv)': In a first step, we conclude that
As a consequence of the analogous properties of A λ , A 
In a second step, we conclude
Further, we note that
By help of the previous lemma, we can now estimate the size of the gap around 0 in the spectrum of A and give a representation of the resolvent ofÂ in terms of the resolvent of A, i.e., (5.0.9). Proof. For this, let λ È J. Then, 
¨,
The inequality
The last is equivalent to
Hence it follows that Ap λ ¡ λ is self-adjoint, strictly positive and bijective. We define the bounded linear operator
We note that the subspace
Hence it follows also that D is dense in L 2 C ÔΩÕ ¢ ÔL 2 C ÔΩÕÕ n . Further, for Ôf, gÕ È D, it follows that BÔf, gÕ È DÔÂÕ and that
and that
Hence it follows that ÔÂ ¡ λÕBÔf, gÕ Ôf, gÕ .
Since B is bounded, the corresponding sequence BÔf 1 , g 1 Õ, BÔf 2 , g 2 Õ, . . . is convergent to BÔf, gÕ. SinceÂ is in particular closed, it follows that BÔf, gÕ È DÔÂÕ and that ÔÂ ¡ λÕBÔf, gÕ Ôf, gÕ .
(5.0.11) Therefore,Â ¡ λ is surjective and hence also bijective.
By help of the previous theorem, the next result follows by application of a wellknown criterion for the strong resolvent convergence of sequences of self-adjoint operators.
Theorem 5.0.21. Letp 1 ,p 2 , . . . be a uniformly bounded sequence in L for which there is ε 0 such thatp ν ε for all ν È N ¦ and which converges a.e. pointwise on Ω top È L. In addition, letÂ 1 ,Â 2 , . . . be the associated sequence of selfadjoint linear operators andÂ be the self-adjoint linear operator associated tō
Proof. By application of Lebesgue's dominated convergence theorem, it follows that lim 
The one-dimensional case
In the special cases that Ω is given by a non-empty bounded open interval of R, A ¡1 can be explicitly calculated. This is somewhat surprising since in this case the corresponding A is a Sturm-Liouville operator and the standard method of calculating its inverse, e.g., see Theorem 8.26 
Proof. For this, we define the derivative operator In addition,
As a consequence, u a u b 0 .
From the last, it follows also that u È W 1 0,C ÔIÕ. For the proof, let ϕ È C ÔRÕ be such that
Such a function is easy to construct. For ν È N ¦ , we define ϕ ν È C ÔRÕ by ϕ ν ÔxÕ : ϕÔ νÔx ¡ aÕÔb ¡ xÕ ¡ 1 Õ for every x È I. Then it follows for every ν È N ¦ satisfying ν b ¡ a and
Hence it follows that u È W 1 0,C ÔIÕ and further that Ôu, qÕ È DÔÂÕ and ABÔf, gÕ Â Ôu, qÕ Ôf, gÕ .
Further, we conclude by Fubini's theorem that 
C ÔIÕ, L 2 C ÔIÕÕ, respectively. In particular, B and C are given by ÔBfÕÔxÕ 
Concluding remarks
It is unclear whether results similar to those of the previous section can be expected to hold in dimensions greater than 1. According to Theorem 5.0.17 and the subsequent example, and differently to the situation in one dimension,Â is not injective whenp vanishes on non-empty open subsets of the material. Hence there does not seem to be an obvious candidate for a limit of a sequence ofÂ ¡1 that is associated to a sequence in L approaching suchp. Therefore, it is conceivable that such limits show a wider variety of phenomena than those in one dimension. This problem deserves further study.
A final remark concerns the fact that it cannot be expected that general 'elliptic regularity theorems' hold for operators A corresponding to discontinuous diffusivities p as a consequence of the condition that every element u from the domain of such operator satisfies p ∇ w u È DÔ∇ ¦ 0 Õ. For instance, the source function f in 
Appendix
In the following, proofs of the Lemmata 3.0.4, 3.0.6 from Section 3 are given. 
For f È DÔ ∇ 0 Õ, there exists a sequence f 1 , f 2 , . . . in C 0 ÔΩ, CÕ such that
Hence it follows that f È W 1 0,C ÔΩÕ and that ∇ 0 f ∇ w f . As a consequence, 
Hence it follows that
Ôf, ∇ w f Õ È GÔ ∇ 0 Õ .
As a consequence,
Finally, it follows the validity of (3.0.5, 1). The validity of (3.0.5, 2) is a simple consequence of (3.0.5, 1) and the closedness of ∇ 0 ¦ .
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